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The Wave EquationThe Wave Equation
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A refraction shot in 
West Texas. 2,000 
pounds of dynamite 
shot by Humble Oil & 
Refining Company 
(now Exxon), 1930.



Modern technologyModern technology



Petroleum Handbook 1948 (Shell)





The Interpreter at workThe Interpreter at work

(Jaap van der Toorn, NAM TGS-S)
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General approach too difficult, J has local minima

Migration:Migration: an initial model, m0, is assumed known

with



A large number of approaches for the Migration problem

Here just one example
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Discretize:           A v = F

Solution:                A = L U

L is lower triangular, U is upper triangular

back substitution:  v = U –1L –1F



2D example

Original and smoothed model used for migration



Iterative migration on smoothed model
(1,10,15, and 20 iterations)

2D example
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3 of many history matched water flood simulations (simulation of production using water injection)

Production History Matched Scenarios
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Production History Matched Scenarios

model matched to both 
production and seismic data

Seismic 
Difference

Dynamic model updating using 4D

Inputs

- 4D seismic

- pre 4D
model

results

updated
flow model
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Reservoir EngineeringReservoir Engineering

DarcyDarcy’’s Laws Law

Flow Through Porous MediaFlow Through Porous Media



What is Reservoir Engineering?

How to recover the maximum amount of oil (and/or gas) from a reservoir

l Oil and gas under high pressure in sub-surface reservoirs

l Inside porous rock (e.g. sand stone) below a sealing cap rock

l Does more wells mean more oil? 

n Pressure drops below reservoir pressure, oil flow stops

n Improve recovery by water injection (or gas): pump up the pressure

n Or more advanced methods: steam injection, surfactants

l Where to drill these wells and how and when

n vertical wells, deviated or horizontal wells

n multi-laterals (more expensive)

l Reservoir engineers design a “Field development plan”



The Brent oil field in the North SeeThe Brent oil field in the North See



To optimize oil and gas recovery computer simulations are used

l Capture reservoir structure and geometry in a discrete model

l Compute how oil and gas flows through the reservoir rock

Depends on 

u initial state (pressure, which fluids etc.)

u wells

u Fluid properties(oil viscosity), rock properties (porosity, permeability)

Fast method to solve the flow equations is necessary

l Simulate the history of a reservoir over 20-50 years

l Huge models with 100,000 to 1,000,000 grid cels
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Saturation EquationSaturation Equation

Flow Equations, to be solved numerically
Can be derived from Navier Stokes Equation

phase flow 



Finite volume discretization

l Mass conservation is important

n Flux from (two or more point) pressure gradient

n Mass balance & Volume balance imposed for finite grid block 

volumes

l One-phase incompressible flow (simplified liquid)

n Laplace equation for pressure (elliptic)

l One phase, compressible flow (gas) (parabolic)

l multi-phase, incompressible, flow: 

n Convection equation (hyperbolic)

Solve the equations fast and accurately

l Newton-Raphson method

l Multi-grid methods, Domain decomposition

l Parallelization 
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The The realreal production of oil production of oil –– and gasand gas

A Stopping Time Problem: Production Well TestingA Stopping Time Problem: Production Well Testing

The Mathematics of Engineering



Offshore ‘Champion’ Field in Brunei



separatorsheaders

transportation tubing well heads



TEST SEPARATOR
MEASUREMENTS

Selected Well on Test

Test Separator
(3 Phase)

Gas

Oil

Water

well testing traditionally: physical model about separation process in separator.
Test times: >= 48 hours, many ‘rejections’

Well testing solved as stopping time problem using only separator outputs:

Test times: <= 3 hours; hardly any rejections



well type specific Algorithm

production
backward shift operator



time statistic
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5.5. A First Paradigm ShiftA First Paradigm Shift
End of Physical Models Monopoly!End of Physical Models Monopoly!

Dynamic Systems: RealDynamic Systems: Real--Time Production MonitoringTime Production Monitoring

•• everything constructed from the everything constructed from the DATADATA
•• production system production system ‘‘anonymousanonymous’’ data generatordata generator



Build Models using Well Test Build Models using Well Test DataData

Selected Well on Test Test Separator
(3 Phase)

Gas

Oil

Water

WELL MEASUREMENTS

THP, DHP, THT, 
FLP, LGF etc. TEST SEPARATOR

MEASUREMENTS

imitating production circumstances:imitating production circumstances:
‘‘deliberatedeliberate’’ disturbancesdisturbances

Surface – and Sub-surface



well productionwell production

input(s)input(s)

shift mapshift map

positive orbitpositive orbit



Bulk SeparatorBulk Separator
(3 Phase)(3 Phase)

Gas

Oil

Water

transporttransport
tubingtubing

REAL TIME WELL 
PRODUCTION
ESTIMATES

header

header

transporttransport
tubingtubing

the orbits for each well give the production estimates for each the orbits for each well give the production estimates for each wellwell



Gas

Oil

Water

TransportTransport
LineLine

Header PressureHeader Pressure

production well Aproduction well A

Daily Reconciliation
compare and adjust individual 

Estimates against bulk metering.

Bulk SeparatorBulk Separator
(3 Phase)(3 Phase)

production well Bproduction well B

production well Cproduction well C

production well Dproduction well D
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number of wellsnumber of wells
bulk productionbulk production

reconciliation coefficientsreconciliation coefficients

otherwise reotherwise re--testtest

(chain recurrent set)(chain recurrent set)

consistencyconsistency

adaptadapt



Brunei – Iron Duke and Champion Oil Platforms

blue print of operations blue print of operations 



blue printblue print
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End of Digital Computer Monopoly?End of Digital Computer Monopoly?

algebraic structuresalgebraic structures



NUMERICAL LINEAR ALGEBRA



Despite their original variability, virtually all Despite their original variability, virtually all ‘‘digital computerdigital computer’’

applications sooner or later have to fit into the algebraicapplications sooner or later have to fit into the algebraic

structure of a structure of a Vector SpaceVector Space on which on which ‘‘scalarsscalars’’ operate that comeoperate that come

from the from the Field Field of real of real –– or complex numbersor complex numbers

ObservationObservation
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Top ViewTop View

Is the Is the ‘‘GateGate’’ for at least some Problems too narrow?for at least some Problems too narrow?



Widening the Widening the ‘‘GateGate’’::

Let the applications to end up in the algebraic structureLet the applications to end up in the algebraic structure

of a of a ModuleModule, where the , where the ‘‘scalarsscalars’’ are allowed to comeare allowed to come

From an From an –– arbitrary arbitrary -- RingRing

Can this idea be realized?Can this idea be realized?
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CoCoACoCoA

SyzygiesSyzygies: Attacking the Ultimate Recovery: Attacking the Ultimate Recovery

Computer algebraComputer algebra



CoCoACoCoACoCoA

Numerical
Polynomial

Algebra

Numerical
Polynomial

Algebra

E&P
SYSTEM

E&P
SYSTEM

hybrid computationshybrid computations

Numerical
Commutative

Algebra

Numerical
Commutative

Algebra

Numerical
Linear

Algebra

Numerical
Linear

Algebra

measurements

digitaldigital
computationscomputations

digitaldigital//symbolicsymbolic
symbolicsymbolic

symbolicsymbolic//digitaldigital



well productionswell productions

inputsinputs
(well measurements)(well measurements) total productiontotal production

Consider the Polynomial RingConsider the Polynomial Ring

Construct the Construct the empirical empirical productionsproductions from the Datafrom the Data





•• no unique mathematical solutionno unique mathematical solution
•• Syzygy Syzygy module                            gives information how many module                            gives information how many 
representations in                 existrepresentations in                 exist
•• only one of them is physically realizableonly one of them is physically realizable

•• changing term ordering on basis of physical significance of thechanging term ordering on basis of physical significance of the
e.g. e.g. ““all surface quantities precede all suball surface quantities precede all sub--surface onessurface ones””

•• in representation of     revealin representation of     reveal
•• interrelationships among the wellsinterrelationships among the wells

,     ,     well numberwell number
•• surface surface –– subsub--surface relationship=> optimizationsurface relationship=> optimization

depending on subdepending on sub--surface inputs=>surface inputs=>’’ultimate recoveryultimate recovery’’



•• ‘‘hardwarehardware’’ elements of production system have elements of production system have context dependentcontext dependent
mathematical equivalentsmathematical equivalents

•• Header as Convex Set, and as IdealHeader as Convex Set, and as Ideal
•• abstract description of abstract description of ‘‘practicepractice’’

•• term order to capture work sequence of term order to capture work sequence of ‘‘production operatorsproduction operators’’
•• ‘‘useruser’’ does does NOTNOT impose complexity on the system through the choice of a impose complexity on the system through the choice of a 
–– physical physical –– modelmodel
•• system reveals its own complexity through the measurementssystem reveals its own complexity through the measurements
•• ‘‘scalescale’’ of measurements and that of physical model may not be of measurements and that of physical model may not be 
compatiblecompatible
•• --dynamicdynamic-- models extracted from the measurements always on the models extracted from the measurements always on the ‘‘rightright’’
scalescale

Some ConsiderationsSome Considerations
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A sequence of {Algebra, E&P Application} pairsA sequence of {Algebra, E&P Application} pairs

We proudly presentWe proudly present……..



CoCoACoCoACoCoA
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Project
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ProjectProject

AlgebraAlgebra E&P ApplicationsE&P Applications

{{Algebra,Algebra,E&P ApplicationsE&P Applications} } ==
Practical ResultsPractical Results

Academic ResultsAcademic Results



Algebraic Subject E & P Application

Syzygies Interrelationships
Sub-surface ó Surface Relationship: Ultimate Recovery

Differential
Gröbner Basis

Dynamical Systems
Including long-term changes=>Forecasting, Reservoir management. Special 
activity: Good Slugs, using the energy generated by slugs for production – and 
exploration (see last pair) applications

Elimination 
Theory

www2.m
Acronym for 'Where, when, what to measure'. Minimal requirements technical 
infra structure.

Invariant
Theory

Generic elements
Global exchange of information

Homotopy Test versus Production
The change from the test - to the production situation for a well is viewed as a 
continuous deformation of the well test model

Automated 
Theorem Proving

Diagnostics and Decisions
Including relationships between processes that run on different time scales, e.g. 
early recognition of building-up water break through. Subject may be considered 
as next generation Artificial Intelligence.

Computational
Homology

Surface characterization
Surface characterization of sub-surface through computation
of homology groups. Of particular importance for last pair.

D - Modules Non-seismic Exploration
This application is possible since this algebraic subject allows the consideration of 
spatial variation. This pair is coupled with the first – and second pair.
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Deviated, branched wells (multi-zone wells)

Difficult to align grid lines with a non-vertical well paths

Locally refined grids, for high resolution near the wells




