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1 — Border Bases

I don’t make jokes.

I just watch the government and report the facts.

(Will Rogers)

K field
P = K|x1,...,x,| polynomial ring over K

I C P zero-dimensional polynomial ideal (i.e. dimg (P/I) < o)

T = {z" - 2% | a; > 0} monoid of terms




[Motivation}

Goal: We are looking for a set of terms O whose residue classes form

a K-vector space basis of P/I.

Example 1.1 Given a term ordering o, the set T™ \ LT, ([) is a
K-vector space basis of P/I by Macaulay’s Basis Theorem.

Question: Are there other suitable sets O7

Idea: The algebra structure of P/I can be described by specifying
the multiplication matrices, i.e. the matrices A; of the

multiplication maps pu,, : P/I — P/I with respect to the basis O.

Therefore we need to fix how a term b; in the
border 00 = (x;0U---Uz,0)\ O

of O is rewritten as a linear combination of the terms in O.




Thus, for every b; € 0O, a polynomial of the form

7
95 =bj — 2 cijti
1=1

with ¢;; € K and ¢; € O should be contained in 1.

Moreover, we would not like that x,g; € I. Hence we want xxb; ¢ O.
Therefore the set T™ \ O should be a monoideal.

Consequently, O should be an order ideal, that is it should be

closed under forming divisors: t € O and t’ | t implies t’ € O.




[Deﬁnition of Border Bases}

Definition 1.2 (a) A (finite) set O C T" is called an order ideal if
t €O and t' |t implies t’ € O.

(b) Let O be an order ideal. The set 00 = (x1OU---Ux,0) \ O is
called the border of O.

(c) Let O = {t1,...,t,} be an order ideal and 00 = {by,...,b,} its
border. A set of polynomials {g1,...,9,} C I of the form
7
g; = bj — Zlcijti
with ¢;; € K and ¢; € O is called an O-border prebasis of I.
(d) An O-border prebasis of [ is called an O-border basis of I if the

residue classes of the terms in O are a K-vector space basis of P/I.




2 — The Running Example

It is difficult to get a man to understand something
when his salary depends upon his not understanding it.

(Upton Sinclair)

Example 2.1 In the ring P = Rz, y|, consider the ideal I = (f, f2)

where

fi = 3224y -1
fo = z*+348-1

The zero set of I in A%(R) consists of the four points

X = {(+v/08, £+1/08)}.




A
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We use 0 = DegRevLex and compute LT, () = (x?, y*). Therefore
the order ideal

O=A{1,x,vy, vy}

represents a basis of P/I. Its border is

00 = {z*, z°y, ay°, y*}.

A border basis of I is given by G = {g1, g2, g3, g4} where

g1 ZL‘Q — 0.8
92 z’y — 0.8y
g3 zy? — 0.8z
94 y* —0.8




(A Picture of this Order Ideal and its Border]
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3 — The Disturbed Example

Change is inevitable,
except from a vending machine.

(Anonymous)

Example 3.1 Now we consider the slightly changed ideal
I = {(f1, f2) where

fi = 02522+424+00lzy—1
fo = 224025924 0.01zy — 10

Its zero set consists of four perturbed points X close to those in X.
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The ideal I = (fi, f) has the reduced o-Grébner basis

{x2—y2, zy + 125y% — 100, y° — %Cﬂ—f—%y}

~

Moreover, we have LT, (1) = (z°, xy, y*) and
T2\ LT, {I} = {1, z, y, 4>}

A small change in the coefficients of f; and f> has led to a big
change in the Grébner basis of (f1, f2) and in the associated vector
space basis of R|z,y|/(f1, f2), although the zeros of the ideal have
not changed much. Numerical analysts call this kind of unstable

behavior a representation singularity.
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However, also the ideal I has a a border basis with respect
to O = {1,x,y,zy}. Recall that the border of O is
00 = {z*, 2y, xy®,y°}.

The O-border basis of I is G = {G1, §2, G3, §a} where

G 22 +0.008 zy — 0.8

- 2 25 . 3125
g2 TY + 3506 © — 3906 Y

2 3125 25
93 LY 3906 T T 3906 ¥

G4 y? +0.008 zy — 0.8}

When we vary the coeflicients of xy in the two generators from zero
to 0.01, we see that one border bases changes continuously into the
other. Thus the border basis behaves numerically stable under small
perturbations of the coefficient of xy.
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4 — Properties of Border Bases

The list of the theorems I knew
made limericks end at line two.

(Anonymous)
In the following, we use the following notation:
O = {t1,...,t,} order ideal
00 = {by,...,b,} border of O

G =1{91,--.,9,} is an O-border prebasis, where

m
gj; = bj — Z Cijti with Cij € K
1=1

.., gy) ideal generated by G
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Proposition 4.1 (Existence of Border Bases)

(a) The ideal I need not have an O-border basis. But if it does, the

O-border basis of I 1s uniquely determined.

(b) If O is of the form T" \ LT, (I) for some term ordering o, then I

has an O-border basis. It contains the reduced o-Grobner basis of I.

Proposition 4.2 There exists a Division Algorithm for border

prebases.

Proposition 4.3 The rewriting system defined by the rules
7

b — > citi is confluent. (But it is in general not terminating,
i=1

i.e. not Noetherian.)
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[Characterization Using Multiplication Matrices}

For r € {1,...,n}, we define the r-th formal multiplication

matrix A, as follows:

Multiply ¢; € O by z,. It x,t; = b; is in the border of O, rewrite it
using the prebasis polynomial g; = b; — > i _ ckjtr and put
(c1,...,¢c,) into the i-th column of A,. But if x,¢; = t; then put the

j-th unit vector into the i-th column of A,.

Theorem 4.4 (Mourrain)
The set G is the O-border basis of I if and only if the formal

multiplication matrices commute, i.e. iff

AiAj:Ain forl <1< 3 <n.
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5 — Neighbors

Under capitalism, man exploits man.
Under communism, it’s just the opposite.
(John Kenneth Galbraith)

Definition 5.1 Let b;,b; € 0O be two distinct border terms.

(a) The border terms b; and b; are called next-door neighbors if
b; =z b; for some k € {1,...,n}.

(b) The border terms b; and b; are called across-the-street
neighbors if z; b; = z,b; for some k,¢ € {1,...,n}.

(c) The border terms b; and b; are called neighbors if they are
next-door neighbors or across-the-street neighbors.

(d) The graph whose vertices are the border terms and whose edges
are given by the neighbor relation is called the border web of O.
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Example 5.2 The border of O = {1, x, y, xy} is
00 = {x?, 2%y, xy?, y*}. Here the border web look as follows:

(x2, x%y) and (y?, xy?) are next-door neighbor pairs

(x%y, zy?) is an across-the-street neighbor pair

Yy
A

q

Proposition 5.3 The border web is connected.
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[Neighbor Syzygies}

Definition 5.4 (a) For t,t’ € T", we call the pair

(lem(t,t") /t, —lem(t,t")/t") the fundamental syzygy of (¢,t').
(b) The fundamental syzygies of neighboring border terms are also
called the neighbor syzygies.

Proposition 5.5 (a) Given a tuple of terms (t1,...,t.), the
fundamental syzygies o;; = (lem(t;,t;)/t:) e; — (lem(;,t5)/t;) e; such
that 1 <1 < j < r generate the syzygy module

Syzp(t1,....tr) ={(f1,--., fr) €P" | fits + -+ + frtr = 0}

(b) The neighbor syzygies generate the module of border syzygies
Syzp(bi,...,by).
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Example 5.6 Let us compute the border syzygies for the order ideal
O=A{1, z, y, zy}. We have 00 = {b1, b3, b3, by} with

bl — 33'2, b2 — x2y7 b3 — .Ty2, b4 — y2

and the neighbor pairs (b1, b2), (b2, b3), (b3, bs).

Therefore the border syzygy module Syzp (b1, b, b3, by) is generated
by the following three neighbor syzygies:

€2 —Ye (_y7 17 07 O)
yes — T es (0, y, —z, 0)

€4 — T €3 (0, 0, —z, 1)
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6 — Syzygies of Border Bases

Given a choice between two theories,
take the one which is funnier.
(Anonymous)
Goal: Find border basis analogues of Buchberger’s Criterion and
Schreyer’s Theorem!
Given an O-border prebasis G = {g1,...,9,} as above, we want to

define the notion of lifting syzygies for them.

Definition 6.1 Let g;,g; € G be two distinct border prebasis

polynomials. Then the polynomial
Sij = (lem(bi, b;)/b;) - gi — (lem(bs, b;)/b5) - g;

is called the S-polynomial of g; and g;.

22



Remark 6.2 Let g;,9; € G.

(a) If (b;, ;) are next-door neighbors with b; = x5 b; then S;; is of
the form S;; = g; — zk g;.

(b) If (b;,b;) are across-the-street neighbors with xy b; = z,b; then
Si; is of the form S;; = xr g; — 0 ;.

In both cases we see that the support of .5;; is contained in O U 00.

Hence there exists constants a; € K such that the support of

L
NRo,c(Sij) = Sij — > Gmgm €1

m=1
is contained in O. If G is a border basis, this implies

NRo ¢(S;;) = 0.

"
m=1

We shall say that the syzygy e; — xr e; —

"
m=1

Gy €4n, TESP.
Ty @ = T @5 — amem 1S a lifting of the neighbor syzygy

€5 — Tk € ITESP. T €5 — Xy €.
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{Border Basis Version of Buchberger’s Criterion}

Theorem 6.3 (Stetter)
An O-border prebasis G is an O-border basis if and only if the
neighbor syzygies lift, i.e. if and only if we have

NRo,¢(Si;) =0
for all (¢,7) such that (b;,b;) is a pair of neighbors.

Idea of the proof: The vanishing conditions for the normal
remainders of the S-polynomials entail certain equalities which have
to be satisfied by the coefficients ¢;; of the border prebasis
polynomials. Using a (rather nasty) case-by-case argument, one
checks that these are the same equalities that one gets from the

conditions that the formal multiplication matrices have to commute.
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Example 6.4 Let us look at these conditions for O = {1, z, y, zy}.
An O-border prebasis G = {g1, g2, g3, g4} is of the form

2
g1 x°—ci1-1—cioxr—ci3y —cray

9
g2 7Y —cCo1 -1 —CoaT — Ca3Y — Coq Y

9
g3 Y  —c31 -1 —C32T —C33Y — C34 Y

9
g4 Yo —cCq1 -1 —cCaoT —Cy3Y — Caq Y

The S-polynomials of its neighbor syzygies are

g2 —Yyagi
—Co1 — Co2x + (11 — Co3)y + (€12 — Coq)TY + C13y2 + 01491792
Yygos — Xgs

2 2 2 2
C31T — C22Y + (C33—C22)TY + €322 + C34T°Y — Co4TY” — Ca3Y
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S34 g3 — Tga

—c31 + (ca1 — €32)T — ¢33y + (C43 — €34)TY + Ca2T? + Caa7°y

Their normal remainders with respect to G are

NRo ¢(S21) = (—ca1 + c13¢41 + c14¢31) + (—C22 + c13C42 + C14C32) 2
+(c11 — €23 + €13€a3 + €14€33)Y + (C12 — C24 + C13Ca4 + C1aC34)TY
NRo.¢(S23) = (c11¢32 + c21€34 — c24¢31 — Ca3¢41) + (c12C32 + C22C34
—C24C32 — C23C42 + €31)T + (—C21 + C13C32 + C23C34 — C24C33 — C23C43)Y
+(c33 — €22 + C14C32 — C23C44)TY
NRo ¢(S34) = (—c31 + c11¢42 + c21€44) + (€41 —C32 + C12C42 + C32C44)T

+(—c33 + c13¢42 + C23C44)y + (Ca3 — C34 + C14C42 + CoaCas)TY

Here G is a border basis if and only if these 12 coefficients are zero.
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[Border Basis Version of Schreyer’s Theorem}

Theorem 6.5 (Huibregdse)

Let G' be an O-border basis. For every pair (¢,7) such that (b;,b;) is a

0

neighbor pair, let s;; = e; —xpe; — ) . _4

S = Ty @5 — G0 C5 — ’;’n:l amem be the lifting of the corresponding

Q€ TESD.

netghbor syzygy.

Then the set {s;; | (bi,b;) neighbors} generates the syzygy module
Syzp(g1,---,9,) of the border basis.

Idea of the proof: One has to take an arbitrary syzygy of
(91,--.,9,) and represent it as a linear combination of the

syzygies s;;. Unfortunately, in order to reduce the “largest” terms in
the syzygy, one may have to introduce even larger terms. A careful
analysis of the different cases is necessary to keep the situation under
control and make the reduction procedure finite.
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Example 6.6 Let us have yet another look at the example where

O={1l,z,y,zy} and I = (g1, g2, g3, g4) with

g1 — 2% — 0.8 g2 :ny—O.Sy

g3 = zy° — 0.8z g =vy° —0.8

The neighbor syzygies are es — ye; and yes — xe3 and ez — zey.

The computation of the normal remainders S;; — NRo (Si;)
shows that the liftings of the neighbor syzygies are

S$91 €2 — Yeéq
523 Yeo — X€3
S34 €3 — T€y

Hence Syzp (g1, 92, 93, g4) is generated by the three tuples
(—y,1,0,0), (0,y,—x,0) and (0,0, 1, —x).
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7 — Approximate Border Bases

The following is the result of exhaustive research,
careful analysis, and prolonged deliberation ...

after which I flipped a coin. (Anonymous)

Motivation: Suppose we are given some points X = {p1,...,ps}
in R™”. When does a polynomial vanish approximately at X7

Let € > 0 be a given threshold number. We say

that f € P = R[x1,...,z,] vanishes c-approximately at X if
If(pi)| <efori=1,...,s.

Problem 1: The polynomials which vanish e-approximately at X do

not form an ideal!

Problem 2: All polynomials with very small coefficients vanish

e-approximately at X!
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Therefore we need to measure the size of a polynomial. In other

words, we need a topology on R[x1,...,z,].

Definition 7.1 Let f = a1t;1 + - -- + asts € P, where
ai,...,as € R\ {0} and tq1,...,t5s € T™. Then the number
| fll = [|(a1,-..,as)| is called the (Euclidean) norm of f.

Clearly, this definition turns P into a normed vector space. Now it is
reasonable to consider the condition that polynomials f € P with
| f|| = 1 vanish e-approximately at X.

Definition 7.2 An ideal I C P is called an e-approximate
vanishing ideal of X if there exists a system of generators

{f1,..., fr} of I such that ||f;|| =1 and f; vanishes e-approximately
at Xfori=1,...,r.
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Based on these preliminary consideratons, we define approximate

border bases as follows.

Definition 7.3 Let I C P be a zero-dimensional ideal, let

O = {t1,...,t,} be an order ideal containing dimg(P/I) elements, let
00 ={by,...,b,}, and let £ > 0.

A set of polynomials G = {¢g1,...,g,} is called an e-approximate
(O-border basis of I if the following conditions are satisfied:

. For j =1,...,v, we have ||g;|| = 1.

. If a; denotes the coefficient of b; in g; then |a;| > ¢ and

{i giy- - i g, } is an O-border prebasis.

. For all pairs (¢, 7) such that (b;,b;) are neighbors, we have
INRo,c(55)] <e.
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Remark 7.4 (a) Given a set of points X in Q™ and a threshold
number € > 0, there exist algorithms for computing an e-approximate

border basis of an s-approximate vanishing ideal of X.

(b) Given unitary empirical polynomials f1,..., fs € Rlzq,..., z,]
which are close to generating a zero-dimensional ideal I, there exists

an algorithm which computes an e-approximate border basis of I.

(c) If G ={g1,...,9,} is an e-approximate border basis then the

point (ci1,...,cy,) in RY¥ given by its coefficients is close to the

border basis scheme, i.e. the scheme defined by the vanishing of
the coefficients of the normal remainders of the S-polynomials of the
neighbor pairs of the generic O-border basis.
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